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INFINITE COMPOSITION OF MODIUS TRANSFORMATIONS
t[ John Gill

This paper treats the convergence behavior of sequences

oof Mobius transformations {T (z)} which are generated inn
i

the following ways
:Let t (z) - (a z + bn)/(cnz + dn), where t = lim t

n n n n n nf

is either parabolic or elliptic.

SSet T (Z) = tl(z), Tn(Z) = Tnl(t (z)), n m 2,3,...
b1. n-l n

Our approach is essentially the same as that of Magnus

and Mandell [], who investigated the cases in which the t

and t are hyperbolic or loxodromic, and in which the t

and t are all elliptic. They established conditions on the

fixed points {u n} and {v n of {t } that insure behavior

of (Tn(z)} very much like that observed in the special case

" t. t for all n [2]. Convergence is in the extendedplane,

so •:hzt divergence is of an oscillatory nature only.

The present paper consists of results concerning the two

remaining possible combinations of t and t s

le. tn any type and" t -parabolic, and 2. tn, elliptic
n n

or"loxodromic and t elliptic. The principle result obtained

Approved for ;ubllc release;
distribution Unlimlted.
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in the investigation of case (2) is an extension and sharpening

of the main theorem in [1].

The Parabolic Case. We first consider the case in which

t = lim tn is parabolic, with a finite fixed point v. Some

conditions on the rates at which un and v n approach v

are necessary, as the following example illustrates.

Example 1. Let tn = fn/(n+l)] sz + 1, where s = 1 + iy,

y i 0. Then t = z + 1, which is parabolic with fixed point

v=w. We have
2s

STnlz) = z/(n+l)l +n(S)

where •n(s) is the trulncated Riemann-Zeta function.

:It can be shown, [3], p. 235, that (s) oscillates

finitely as n -- w for the prescribed values of s.

Set X(z) - z/(z-l). Then X=1 ot *X(z) t (z) and
n n

tn(z) are the same type of transformation, [1], and t=

X otoX has the fixed point v = 1. Obviously
T* * o* -z
T (z) = t o (Z) = X-lo-2nOX(z)
n 1n n

has the same convergence behavior as Tn(Z).

Theorem 1. Let {tn} be a sequence of Mobius transformations
n

converging td a parabolic transfQrmation "t, having a finite

fixed point v. If there exists an ordering of un and vn



the fixed points of tn n such that VIu n-vn I and Xn]v nl-vn

both converge, then the sequence {T (z)) converges in then

extended plane for every z.

Proof. Assume the t 's and t have been normalized so that

ad-b c = ad - bc = 1, and that a + d = 2.n nn nn] We first observe that any t may be written implicitly

n
(1 1n

where

1 if tn is parabolic
k n

{a-c nin i t is non-parabolica -cvw

and

Scn if tn is parabolicq n
k-1

I n if t is non-parabolic
Vn-Un

It may easily be shown that lim n = 1 and lia q. c 0.

Next, we set

',(Z) 1/(z-V), Kz = ! Qz)

Then

tn(z) ,y nnKY(z).

Set wI)Do0Y 1 z
,a z
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S (z) n n ,h+i ...

where h will be chosen later.

Thus

T (z) Thi oy-ow O..OS

Direct computation show3 that w (z) (pnz+qn)/(r z+i),
nnn nwher, r = Vnl _ V and p =k + qnr

n .f1 nnn nfnWe set W(z) =Who..onw (z) and consider the convergercen h n

behavior of {Woz)1h .or a fixed value o~f h.

Let
hhA z+BWh • n n

n h hCcz+D
fin

where

(2) pnAn_ rBn nnn-i + n-i

(3) h h

C Ch-°

) r h Ch

It follows from (2) and ()that



h n
A = [1 p.i + "L(lpi) qkl rk + E(fip.)qkl r kqk rk.

12 12 .34

+ 2("Pi) 1kr ""qk2j-lrk 2j

where h < k <---< k z_< h+m =n, 1 < I < 2j. The q and

r-2a ztos alternate, and (fPi) designates finite p-products,

with i > h.

Lcr,.za 1. Suppose {rhk = are the r-factors in a term of

%,kj=l

. Then there are no more than s terms having this specific

hIset of r-factors in A where s < H k.
ni=l

?roof. The proof is by induction on the auxilliary recurrence

relations:

"" h h h h hA = + r h+mh+z1 and B = + B ÷=,-1

We observe that

P. = k + q r= i + (v -u qi "- qi r

-, v, by hpotesis, 1Pi converge-s, ane ihrera

•zsitive hnumber M such that both !p .l I and :qi are _cz•

'-.h., .4 for i greater than some h.

Fix ( > 0' and choose h so large that tha fo]Lowin;

conditions are riet, in addition to those described above:



"" Pi-iJ < c/2, for n_> h, and mir h+m < Z/M, where

-Z min, M,:c /(2M+)}.

consequently, by the preceding remarks and lemma 1,
n

iA:o- rI u.I < (pi) ' r •+...+ ?2(fP.)C.
k 12 k

1. 2

< M2 ( JlM) + - - +Mj + !M)

< 4/2

lance h
n

h- 1< !n . - i + */2 < €

in an entirely similar manner it may be shown that

ICh! K , for a sufficiently large h.

(2) and (3) give

h k h A -h + hr
h+m +m h+m-. qh+mr h+m'%h+m-l A h + B... +m- I

"from which we obtain

(7) A. - 1)A +r Bý

.. ~.r -1 ... n ohsdso
h~ h+mi h+m-. hmnm

m
nh h .h+m-'I P = (kh+j-)Ah+j- = rh+j h+j

3) ggives, upon sumnming,



"IM7

hh
B h+r., qh + q~'~-

a~ comibin~e (8) and (9) to obta in

( A)* + (kh 1~)A~+~ r (C +~ i

1*iIu Tus from (10), if ig I+, < Mi and IA' < 3,

.A -P 2  I 3 1,k -l ! ri 1 -÷3 m+2)ih+-,l 11+M h+m -,,- h+m+I'

K 3 Ik h.+- 11 + M(m+3)t hir.1]

n .h h

":[ _~ j=l1 h+T,+j rii'

< :- , u +Z (m+j+2) 1.:'I- ,.+ h+m+j' =

Cne -3ast expression on the right may be made arbitrarily small '-.y

..oosing m sufficiently large and n a positive i~ntegez.

c :.uchv criterz~on is satisfied and we have

2. a~rly,

(iin. C n Z(C~h) 0.
n,-



It is obvious, from (9), that

n
n ca

n-2 n-2
AD - B C = det W = ai (det wj) = f k.n n n n n hh

n-2
= H [•+ _.(V -U )

h ~JJ

-he hypothesis impl3es the convergence of this product zo

some nur.ber close to one, as n -

1ence

(14) Alim (D/Bh) = 0
n •

4 is now possible to comlete the pDoof of Th-eorem. `1o

-- 2 .?=v. We have, from (II), (12), (13), and (14),

(A' B S (z) + v
-v, S (z 4 n B Anon•i - n % C'_/B-.) S• +(z"D/s 5. h

nlira Tn(z) =T. Ov (i/Zh) z v
n- "h h

'e.- dI.vide. numnerator and denomninato~r of W *SnlV) by

S (v) and find, after so=e computation, that

I
11



lirT (v) = ThoYh(i/Vh).
nn -- •

-_.Coro~liaryI. Let {t} Ibe a sequence of normalized I:obius

n

zransfcrmar-ions converging to t, which is )arabolic and ha -z

a finite fixed point, if t(z) (az+bn)(cz+d), then

t e convergence of tne following "our series imply the conver-
ceance of } for every z: niJT(an +dn~l2 - ,4]

. I n ln+1 n n+l-n

The following example shows that the hypotheses of

uheorem 1, although sufficient, are not necessary.

:.x a.e 2. Let

t (z) = [(vn+z - v-/[z + (!-vn)]n n n n

n-I
",:..c. v 0 and v = (-l)'/k for n > 2. Then

k=l

li- v = v = -log 2, and both t and t are parabolic. .'

intricate investigation, sonewhat similar to the Proof of

ec~r.- 1, shows that {(T (zt } converges for every z v.

i.-~ r is elliptic.
n

-. 2. Leat {L n Ze a scquence of MoNius trsfor.ao.

nav ,n fixed. points u ad iv chosen so thatn n



IWOO

Sikn I< 1. Let t lir t be an elliptic transformation

having finite fixed points u and v.

(i) If Z-lun-un-l < o, Iv- Vn-v < =, and nl: -C0,

then {Tn(z) } converg-'s for every z except perhape =: = v.

(ii) If Z!U -u n < Z, viv-V11 ( c, and fnlR
n n-i n - n

converges, then {Tn (z)} diverges by oscillation for z % u,v

and converges to distinct values for z = u and z - v.

Proof. Set yn(Z) = (z-Uk)/(Z-vn), K(Z).= kZ, w (z) =

KoY f(z,, Sn(z) = K OC (z)o and Wz) = WO- -- ,z)
'n-1 n-i Yn (z n n n n wh n-1

Then
Chz + Dh

n n

t (Z) 1n Ox Oy (z)

_=; and

Tn (z) =T. joyloV~hOS (z)

nh n n

As before, wn (z) = (pnz•cny(rnz+l), where pnZ

L1.. kn Cvn+l-*n)/(Vn-U.i+l) 'etc.

TiWe choose a positive E and find an h such that

-•. p~ C C and IC2 " ! for n > h. Thus ii.. 7.
hh•-• Dh

•(B,h)• 0 and lin D (D,h) % 1.
n

The following formula is establishedA:by induction:..

(l~) h �n n-2 n h h
1h p5 + . ( un p•r r1 n-••h m=n m+l + J~ ~



n n n
We observe that flip-I =fikj1" 11 (1+.%j) where MIs I < =.h J h 1.

n
Therefore, in case (i), nllpjI -- 0, as n -- *. The three terms

hh
in (15) tend to zero, as n --. Hence, lim Ah = 0. Inn

simila: fashion, lim h = 0.
n

Consequently,

lirTn(Z = ThloY ilirm (S(z) = Th-l lo i(D, h)

n n h-h

for z v.

The hypotheses of case (ii), and the observed behavior of

Sthe coefficients of W provide a straightforward proof of

the next lemma.

Lemma 2. For a fixed z * v, there exist finite numbers M

and h0  such that h > h0 , n > h, m_> h-1 imply-1 0

I:Sn(zl < M and I (zl-V > lu-vI/4(l+M).n "

The following formula may be established by induction on

n, using (1) and the fact that + 1 1 +
n+1 n n+l

v -v
n- n+1

t n -n n+. n+l

4 •

I
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n SHrk.
•1 h n-1 m V -V1

T" (z)-vh n m=h h i` (z)-Vm) (T (z)-Vm)
nn m n mi-i

n-1 m k +1-1
+ 2 (1k.) m...

m=h-i h Vm+l-Um+l

where n k3 = 1
h

We may rewrite (16) in the form

n
(1 hkj (Z-U n)

(1.71 1h -

Tn• )-vh (z-vn) (vn-Un)

•- n-1 m •mrz-v + -m+1
+ 2 (lk.) m-

Shz h (T (z)-vm (yZe) -V~i
n m n m+n

n-1im vm~~ - + ium-u'
+ E= sik.) i-i m'm/ mi,
h1 ihz- (V-U)(V -U

mm mi-i mi-i

k hk= k h

V -

vh-u~hi-h]. uh4.i

Set
n n n
lI k. = exp(i Er 9..) 11 Ik.I

F F(z) (z-v)(-) R = IFIsin(19'1/4), where

arg k = 9 0 '(mod 2H1), 10 '1 < r,.

We choose h so large that the following conditions are

satisfied, in addition to previous stipulations:



n

(18) 1f11 < AV, whore F +f -l (z4-vn)(vnn- nf

2- .. = f_+ --(19) I f! < R/G, where h- - fhl-+ +-

(20) 1-31 < min(l,R/6IFI}, where h1k. I + •.

(21) E Iv -v I < RIV-UI2
h M 96(,+M)2

2
21 u Riv-u2(22) E !u+1-Ul <- 48

(23) IVy-UrI > Ivm 2 h-1

Then, from (17), we obtain
M 1 n

(24) h . '= lexp[i(argr + E 0j] + -+F(h,n)

T n(z) -vh
nhzlV h u-v

wheze 1H(h,n) I < R.

The sum of thLs fj.r3t two terms Of (24) is a point on a

circle C with center and radius M1. Henceu-v T".z) # -v

lies in a disc U(h,m) _t :-dius R with center gn on C.

R has been chosen so that three tangent discs of radius R

with centers on C can be constructed if the centers of the

two end discs are separated by a central angle of 8'.
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[ Clearly, the sequence jh - hh diverges by oscilla-

rion, so that Th(z)n0h must do likewise. The pattern of

divergence bears a close resemblance to that observed when

nt = t -or all n. In this special case

IFWexp i(argF + nO)] +-1T (z)-v u-v

Convergence at z = u is easily established, since

S (u) -- 0. We return to the beginning of the proof of case

(ii) and interchange the uA' 's and v 's, in order to shown n

convergence at z = v. The development in [1] can be para-

phrased to show that lir Tn(u) 4: lir T (v) .

Corollary 2. If the transfomations t converge to then

elliptic transformation t, where a d - b c = ad - bc = 1nn nn
and Ziaz-an-i, Zlb -b 1,21c.c I n I-

nninn-l'' n n-i1 n ~ n -dn-i1

all converge, then {T n (z))

(i) converges for z # v, if nkn -- 0

.kii) diverges for z * v,v, and converges to distinct

%values at u and v, if lkn I converges.

Continued fractions may be interpreted as compositions oi

X6bius transformations, and may be written so as to display•-n n
the fixed pNintV. Set t (Z) Uto obtain

n (U+vF)+z'to ai
I n



2 22
(25) _ .-( +V) +_(u 2 +v2) +

Sth

whose n approximant is T (0).
n

rhe following two examples are applicatiors of theorems

1 and 2 to continued fractions which are periodic in the V.mit°

Example 3. Let un = lUlexp(iv IPp(in), wheren n n) q -I nn

limiunI = limIVn I- c 4 0, li.. =a . lirn=n n1f n

0 i ý(Tod 2n1). Then lir kn lim1I!expLi(On-nn)] k
n

exp[i(9-.)], so that t is elliptic. Theorem k, case (i)

guarantees t.%.z convergence of (25), provided I u I and !v I
-4 n n

are chosen so that R 111 -_0, (e.g., lju I - i !v•I
vn nn2 n

n)n

iim 6 = 0, c 0 0, ZJ n-6 n < *, 16in+l-6 nI < C. e.g.,
1 i_ 1 i

U = - -- "V =- + A- Then t is parabolic, and
n n

theorem 1 insures the convergence of (25).
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